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The flow in the neighborhood of the stagnation point of a s t a t ionary  plane s t r e a m  of viscous  
i ncompres s ib l e  fluid with ha rmonic  components  superposed  on the veloci ty  components  is 
invest igated.  Such a flow co r r e sponds  to a s t r e a m  containing per iodic  eddies perpendicu la r  
to the flow plane.  The r e su l t s  of the invest igat ion can be applied to e s t ima te  t he rma l  f luxes.  

Le t  us cons ider  a s t a t ionary  plane s t r e a m  of v iscous  i ncompres s ib l e  fluid in which s ta t ionary  per iodic  
eddies or iented  pe rpend icu la r ly  to the flow plane ~077 (the ~ axis) a re  introduced. The flow is bounded by 
the ~7 = 0 plane with the stagnation point ~ = ~? = 0. 

Let  us uti l ize the following different ia l  equations: 

the equation of vor tex  t r a n s p o r t  in a projec t ion  on the ~ axis 

O~qz V O~z O2f~z + o~p'z- (1) 
v ~ +  V - o r - . =  ax 2 ov ~ , 

where  

f~ ,=  av~ 0 % . .  o~ . a ~ .  
Oy ' 

the energy  equation (without taking account of dissipation) 

OT + v OT I [ O~T 02T ) 
07 = Pr  -gY + " (2) 

The following d imens ion less  v a r i a b l e s  a r e  ut i l ized he re  

= y = ' 

(3) 
v ~  ~ Tw - -  T (~, ~1) 

vy = r  ; Q~ = - -  ; T (x, y) 
T w  - -  T , .  

It is known that under  the boundary  conditions 

v~ (x, 0) = v~ (x, 0) = T (x, 0) = 0 ;  

O%(x, oo) (4) 
Vx(X , o o ) = x ;  - - = - - 1 ;  T(x,  oo)= I 

oy 

the veloci ty  components  for  a s t a t ionary  v iscous  fluid flow in the neighborhood of the s tagnat ion point and in 
the absence  of initial s t r e a m  pulsat ions  a re  [3] 

v~ = xf '  (y); vy = - -  f (y), 

where  f(y) is found f r o m  the solution 
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Harmonic velocity components and tempera tures  in the expansions (7), (8): 1) fl(1); 2) fl(1); 3) 

" fl(2); | Ol(1); 10) | 11) | " f20); 6) f2(1); 7) 8) 9) ' ' f~(1); 4) f2(:t); 5) ' 

f'-#"= l +i '" :(O)=f'(o)=0; 1 

(here and henceforth the pr ime will denote differentiation with respec t  to y). 

The presence  of per iodical ly  distributed vor t ices  along the x axis assumes  the appearance of h a r -  
monic components for the velocity components at infinity, hence the boundary conditions (4) can be written 
a s :  

g = o o  

y = 0  v~=0 ;  v v = O, 

Ov~,jL 
= - -  1 - -  ~ .  A~ cos k~x; 

@ 
t z= l  

(5) 

V = 0  T = 0 ;  g = c o  T = I ,  (6) 

where the A n in (5) is the dimensionless  amplitude of the n-th harmonic  component of the free s t ream,  k n 
= 2 ~ / A n  is the dimensionless  wave number of the n-th component of the periodical ly distributed vortex (a 
quantity rec iprocal  to the dimensionless  wavelen~h or  the vortex dimension corresponding to the n- th  h a r -  
monic component of the vortex),  on which the conditions k n > 0; k n = nk 1 are  imposed, where k 1 = 2~r/~ 1 
is the dimensionless  wave number  of the harmonic  of greates t  amplitude. As follows f rom experiments  
with supersonic jets impinging along the normal  on a flat obstacle within the initial section [1, 2], such a 
fundamental harmonic  is predominant in the formation of s ta t ionary flow near  the obstacle.  The magnitude 
of its wave number is of the o rder  of k 1 = 10-3-10 -4. 

Let us seek the solution of (1)-(3) under the boundary conditions (5), (6) in the form: 

X 1 q~ = X[o (g) + ~ f,, (g) sin k~x, (7) 
n = l  

T = T O (y) + ~ 0,~ (y) cos k,x.  (8) 
n = l  

Then the express ions  for the velocity components and vor t ices  are  written thus: 

Z 1 [~sink,~x, = #o + 

vy = -- f o - -  ~ f. cos k,,x, 
n ~ l  

(9) 

t~, = X[o - ~ co~ sin k~x, 
n = l  

1 (i0) 
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m e m b e r s  of the expansions (7), (8): 1) f0(1); 2) f0(2); 3) 
f~(2); 4) f~'(2); 5) T0(z); 6) T~(1); 7) T0(2); 8) W~(2). 

Taking account of (8)-(9), we obtain the following boundary conditions for the functions f rom (5)-(6): 

f0(0) = f~(0.) = 0; f0(oo) = I; (11) 

f~ (0) = f~, (0) = 0; f~ (~o) = A~; (12) 

To(0)=0;  T 0(oo)=1; (13) 

0n (0) = 0; 0. (oo) = 0. (14) 

Let  us l imit  the analysis  to an examination of such harmonic components of the velocity components 
and vor t ices  for  which k n << 1. If (9) is substi tuted into (1), and t e rm s  containing k~ are  neglected,  then 
the express ion  obtained can be integrated with respec t  to y. Taking account of the boundary conditions (11), 
(12), we obtain 

x,(fo'" - f ; '  + fofo + i ) -  ~ ,  (f; f'~ - -  fo f~ - A~) x cos k,,x 
n 

2 E + _1__ ( / , i f_  fo f'~ + fof• + A,~) sin k~x 1 '~ '% n,~ ~ (f'~ f't - -  :~f~--AiA,~)sink,~xcosk~x. (15) 

The summation over  n in (15) is for  such n for  which the condition kn << 1 is still  conserved.  If known fo r -  
mulas for the s e r i e s  expansions of the functions cos knx and sinknx in powers of knx are  uti l ized, then taking 
into account the k n = nkl, we obtain equality of the two power s e r i e s  in (15). Equating coefficients  of identi-  
cal powers  of ktx, we obtain the following sys tem of (n + 1) equations to determine f0, fn (n = 1, 2, 3 . . . .  ): 

: ; " - -  f ; '  + ]'of; + 1 = , ~  (2/o f~, - -  fof,~ - -  f S ,  - -  :.~" - -  2A,~) + ~z~ (:'~ f; - -  :~ f, - -  A,A~), (16) 
n npl: 

n2ti2(i-t) 
X~ [(f~"-- fo f~ + fof'~ + d~) + (2] + 1)(fof~ -- fo fn + An)] n ~1 = (2] + 1)! ~ X (fn f; -- f'~ f~--A,An) (2t + 1)! [2 (] - -  t)][ 

t=O n ,g  

(17) 

Analogously substituting (8), (9) into the energy equation (3), we obtain the following sys tem of (n + 1) 
equations to determine To, en (n = 1,  2 , . . .  ): 

p-7 , T;f  + : o 0 ;  = - -  
, .,~ (18) 

~ [ ~ r  0"~ + Tofn--foOn+ 2]foOn J n'i 

i 
~n ~ { ~ n't+li'(]-O+l n2ti~(z-O } (19) 

= - - ( 2 j + l ) I  x f'~O~ (2t+l)I[2(]--t)+l]! +f~O; (20112(]--01! " 
t=O , 

The system (16), (19) yields 2(n + 1) equations to de termine  f0, To, fn, On. The boundary conditions 
(11)-(14) are  uti l ized to solve the mentioned sys tem.  In application to the case of impingement of a super -  
sonic jet  on an obstacle when the external  s t r eam contains one harmonic  component of g rea tes t  amplitude, 
i .e . ,  for  An ~ 0, n = 2, 3 . . . .  , the prac t ica l  convergence of the s e r i e s  (7)-(9) is sufficiently rapid,  and as 
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F i g .  3. D i s t r i b u t i o n  of h e a t  f luxes  
and  f r i c t i o n  s t r e s s e s  a long  an o b -  
s t a c l e :  1) f r i c t i o n  s t r e s s  ( c o m p u t a -  
t ion);  2) hea t  f lux (computa t ion) ;  3) 
h e a t  f lux ( e x p e r i m e n t ) .  

f u r t h e r  c o m p u t a t i o n s  showed ,  fo r  an a p p r o x i m a t e  s o l u t i o n  i t  i s  p o s s i b l e  to l i m i t  o n e s e l f  to two t e r m s  in the 
m e n t i o n e d  s e r i e s .  The  s u m m a t i o n  i s  hence  o v e r  i ,  n = 2 in  (16), (18) to d e t e r m i n e  f0, To. The  equa t i ons  
to  d e t e r m i n e  f l ,  f2, @1, @2 a re  o b t a i n e d  f r o m  (17) and (19) fo r  j equa l  s u c c e s s i v e l y  to 1 and 2. I t  i s  a s s u m e d  
P r  = 1.0 in  the  so lu t ion .  

The  r e s u l t s  of the  s o l u t i o n s  of the  equa t i ons  o b t a i n e d  u n d e r  the  b o u n d a r y  cond i t i ons  (11)-(14) a r e  p r e -  
s e n t e d  in  F i g s .  1 and 2. The  s o l u t i o n  i s  c a r r i e d  out  b y  i t e r a t i o n  on an e l e c t r o n i c  ana log  c o m p u t e r .  The  
f i r s t  a p p r o x i m a t i o n  fo r  the  func t ions  i s  deno ted  b y  the s u b s c r i p t  1, and the  s e c o n d  by  the s u b s c r i p t  2. 

In  o r d e r  to a n a l y z e  the  s o l u t i o n  ob t a ined ,  a g r a p h  was  c o n s t r u c t e d  of the h e a t  f lux and f r i c t i o n  s t r e s s  
d i s t r i b u t i o n  a long  the o b s t a c l e  in the  n e i g h b o r h o o d  of the  s t a g n a t i o n  p o i n t s  qw and T w, r e f e r r e d  to the  c o r -  
r e s p o n d i n g  c o m p u t e d  q u a n t i t i e s  o b t a i n e d  f o r  the  i m p i n g e m e n t  of an i r r o t a t i o n a l  s t r e a m  on an o b s t a c l e  

(qw) 9 = 0 and (TW) ~ = 0: 

q w  _ _  7 

(qw) a=0 To y=0' 

'I" m n 

(~w)~=o; - xfo J,~=o 

The  r e s u l t s  of the  c o m p u t a t i o n s  by  the f o r m u l a s  p r e s e n t e d  a r e  shown in F i g .  3 fo r  v a l u e s  of the  a m -  
p l i t ude  and wave  n u m b e r  of the  f u n d a m e n t a l  h a r m o n i c  A 1 = 0.5 and k 1 = 10 -3. F o r  c o m p a r i s o n ,  r e s u l t s  of 
an e x p e r i m e n t  m e a s u r i n g  the h e a t  f luxes  on an o b s t a c l e  in  the  n e i g h b o r h o o d  of the s t a g n a t i o n  po in t  of a 
s u p e r s o n i c  j e t  a r e  p r e s e n t e d  h e r e  [1] fo r  M = 2.5; n = 3.0; V = 2d a ,  >t = 1.4. As  i s  s e e n  f r o m  the c o m p a r i -  
son ,  fo r  A 1 = 0.5 and k I = 10 -3 the  r e s u l t s  of the  c o m p u t a t i o n  a r e  in  good a g r e e m e n t  wi th  the  r e s u l t s  of the  
e x p e r i m e n t .  

The  fo l lowing  d e d u c t i o n s  can  be  m a d e  on the  b a s i s  of the r e s u l t s  of the  compu ta t i on :  

1. F o r  a f u n d a m e n t a l  h a r m o n i c  of a m p l i t u d e  A 1 = 0.5 the  hea t  f lux on an o b s t a c l e  at  the  s t a g n a t i o n  
po in t ,  a s  c o m p u t e d  b y  the m e t h o d  p r o p o s e d ,  wi l l  e x c e e d  the c o r r e s p o n d i n g  quan t i t y  fo r  an i r r o t a -  
t i ona l  s t r e a m  4 . 5 - f o l d .  The  i n c r e a s e  in  f r i c t i o n  s t r e s s  on the wa l l  a s  c o m p a r e d  wi th  the c o r r e -  
s p o n d i n g q u a n t i t y  fo r  an i r r o t a t i o n a l  s t r e a m  i s  not  m o r e  than  twofold .  

2. The  h e a t  f lux and f r i c t i o n  s t r e s s  v a r y  p e r i o d i c a l l y  a long  the o b s t a c l e  wi th  a p p r o x i m a t e l y  the  s a m e  
p e r i o d .  A l t e r n a t i o n  of the  m a x i m u m s  and m i n i m u m s  of the  hea t  f lux and f r i c t i o n  s t r e s s  a long  the 
o b s t a c l e  i n d i c a t e  the  p r e s e n c e  of  p e r i o d i c a l l y  d i s t r i b u t e d  v o r t i c e s  of a l t e r n a t i n g  s ign  n e a r  the  wa l l .  
The  s ign  of A s i n d i c a t e s  the  d i r e c t i o n  of v o r t e x  r o t a t i o n  (for A 1 > 0 the f i r s t  v o r t e x  r o t a t e s  c o u n t e r -  
c l o c k w i s e ) .  

3. A g r e e m e n t  b e t w e e n  the r e s u l t s  of c o m p u t i n g  the h e a t  f lux d i s t r i b u t i o n  a long  the o b s t a c l e  wi th  the 
d a t a  of e x p e r i m e n t  i s  good enough in the  d o m a i n  w h e r e  the  f i r s t  v o r t e x  i s  l o c a t e d  on the o b s t a c l e .  
As  x r e c e d e s  f r o m  the f i r s t  v o r t e x ,  the  d i v e r g e n c e  b e t w e e n  t h e o r y  and e x p e r i m e n t  i n c r e a s e s ,  which  
i s  a p p a r e n t l y  a s s o c i a t e d  wi th  the  m o r e  c o m p l e x  n a t u r e  of the p e r t u r b a t i o n s  i m p o s e d  on the e x t e r n a l  
s t r e a m  (An ~ 0, n = 2, 3 . . . .  ). 

X, y, Z 

a r e  the p h y s i c a l  c o o r d i n a t e s ;  
a r e  the  d i m e n s i o n l e s s  c o o r d i n a t e s ;  

N O T A T I O N  
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a re  the veloci ty  components;  
is the s t r e a m  function; 
a re  the vor tex  pro jec t ions  on ~ and z axes;  
is the constant  in the l inear  longitudinal s t r e a m  veloci ty  dis tr ibut ion in the neighborhood 
of the stagnation point; 
is  the t e m p e r a t u r e ;  
is  the v iscosi ty ;  
is  the Prandt l  number ;  

a re  the heat  flux and f r ic t ion,  r e spec t ive ly ,  with s t r e a m  vor t ic i ty  taken and not taken into 
account; 
is the Mach number ;  
l S  

l S  

l S  

lS  

l S  

I S  

l S  

the jet  incalculabil i ty;  
the dis tance between nozzle exit  and obstacle ;  
the nozzle d iamete r ;  
the adiabat ic  index; 
the wall; 
the inviscid s t r e a m ;  
the nozzle exit .  
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